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ABSTRACT

Combinatorial auctions (CAs) are an important mechanism
for allocating multiple goods while allowing self-interested
agents to specify preferences over bundles of items. Win-
ner determination for a CA is known to be NP-complete.
However, restricting the problem can allow us to solve win-
ner determination in polynomial time. These restrictions
sometimes apply to the CA’s representation. There are two
commonly studied, and structurally different graph repre-
sentations of a CA: bid graphs and item graphs. We study
the relationship between these two representations.

We show that for a given combinatorial auction, if a graph
with maximum cycle length three is a valid item graph for
the auction, then its bid graph representation is a chordal
graph. Next, we present a new technique for constructing
item graphs using a novel definition of equivalence among
combinatorial auctions. The solution to the WDP for a given
CA can easily be translated to a solution on an equivalent
CA. We use our technique to simplify item graphs, and show
that if a CA’s bid graph is chordal, then there exists an
equivalent CA with a valid item graph of treewidth one, for
which a solution to the WDP is known to be efficient. This
result demonstrates how CA equivalence can simplify the
structure of item graphs and lead to more efficient solutions
to the WDP, which are also a solutions to the WDP for the
original auctions.
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1. PRELIMINARIES

Combinatorial Auctions

A combinatorial auction consists of a set of n agents, and
m items to be auctioned. The set of agents will be denoted
by N = {1,2,...,n} and the set of items by M. For any
subset S C M, any agent ¢ can place a bid b;(S) € Z on
S. We assume that b;(S) > 0 for all S C M and that the
agents are self-interested.

An atomic bid, denoted (S,p), includes a set of items
S C M and its bid value, p > 0. We assume that for
each agent i, bids are submitted as a set of atomic bids,
{(S’i17p’i1)7 ceey (S’me’i?“i)}'

The winner determination problem, which calculates the
allocation of goods to agents can be done by solving an in-
teger program, which is NP-hard. We refer the reader to [2]
for a more thorough introduction to CAs and the WDP.

Bid Graphs and Item Graphs

FEach vertex in a bid graph is a bid, and an edge exists
between two vertices if the two bids they represent share an
item. By definition, a bid graph is the intersection graph of
the distinct atomic bids.

Item graphs are a representation of CAs altogether dif-
ferent from bid graphs. We will be interested in restricting
our attention to CAs that can be represented by an item
graph with a specific structure, in order to gain insight into
the structure of the auction’s bid graph. Informally, in a
valid item graph of the CA, the bids must be connected in-
duced subgraphs of the item graph. Formally, we have the
following definition:

DEFINITION 1.0.1. Given a CA, a valid item graph G =
(M, E) representing the given CA must satisfy the following
conditions: each item is represented by exactly one vertex
in the graph, and for each atomic bid (S,p), the induced
subgraph of G on the vertices contained in S C I must be a
connected graph.

An item graph can represent many different CAs. In con-
trast, one may translate a bid graph to and from a CA and
in polynomial time. Any CA obtained from a bid graph
yields the same solution to WDP, ignoring the case where
multiple agents submitted the same highest bid on a bun-
dle of items. Since an item graph allows for many different
combinations of bids and bid values, the solution to WDP
could be different for each CA that the item graph may rep-
resent. Obviously then, we cannot formulate a specific bid
graph given an item graph. However, there are relationships



between the structures of both representations. Our goal is
to explore these relationships.

2. RESULTS

While item graphs and bid graphs differ in how they repre-
sent CAs, the underlying instance of the auction they repre-
sent is the same. We wish to determine how bid graphs and
item graphs relate to one another. By better understanding
the relationships between item graphs and bid graphs, we
may be able to create more efficient algorithms for solving
WDP and, as we will see, find a new way of looking at CAs
in general.

First, we consider CAs that have valid item graphs with
a maximum cycle length.

THEOREM 2.0.2. For a given CA, if there exists a valid
item graph G1 = (Vi, Er) representing the auction such that
the maximum length of any cycle in G is three, then the bid
graph for the auction is chordal.

The result does not extend to cycles of length four or item
graphs of treewidth two. Further, the converse does not
hold. This impasse lead to our next avenue of investigation:
modifying combinatorial auctions.

The motivation behind studying the modification of CAs
begins with the fact that item graphs are hard to construct.
As shown by Conitzer et al., constructing a valid item graph
with the fewest edges is NP-complete [1]. Given a CA,
Conitzer et al. construct a valid item graph of treewidth
one in polynomial time, if the graph exists [1]. However,
as shown by Gottlob and Greco, it is NP-hard to decide
whether or not a combinatorial auction has a valid item
graph of treewidth three [4]. On the other hand, bid graphs
can always be constructed in polynomial time.

Throughout the literature, it is assumed that a CA is fixed
before the construction of a valid item graph. We take a
novel perspective by modifying the CA in order to achieve a
valid item graph of smaller treewidth, while maintaining the
same solution to WDP. We do this by introducing a notion
of CA equivalence.

Intuitively, two bids graphs are equivalent if they are iso-
morphic, and two CAs are equivalent if their bid graphs are
equivalent. With this definition of equivalence, we obtain
the following result:

THEOREM 2.0.3. Let C'A denote a combinatorial auction
that has a valid item graph Gr = (Vi, Er). If the bid graph
Gp of CA is chordal, then there exists a combinatorial auc-
tion C A’ equivalent to C A that has a tree G as a valid item
graph.

The item graph for the equivalent CA can be found in
polynomial time, given the bid graph of the original auc-
tion [3]. With our notion of CA equivalence, if the bid
graph is chordal, then even if the smallest treewidth for the
item graph is arbitrarily larger than one, there still exists an
equivalent auction with a tree as a valid item graph. This
perspective on CA equivalence and the existence of item
graphs of small treewidth has never been shown before.

With this result, it becomes difficult to gauge the useful-
ness of item graphs. If it is possible for a CA to have a
valid item graph of treewidth one while another equivalent
CA does not, then it is possible that we are translating our
auction to a less efficient form. Further, there may or may

1482

not exist a CA with a chordal bid graph for which all valid
item graphs have treewidth at least tw, for some large tw.
That is, it is unclear how big of an improvement is possible
using the equivalent CA technique. Given this potentially
large lack of consistency between item graph representations
of equivalent CAs, the construction of item graphs, as pre-
viously described in the literature, appears to be flawed.

3. CONCLUSIONS

We present a new technique for constructing item graphs
using our new notion of CA equivalence. Currently the item
graph construction process involves finding an item graph
for a fized CA. We demonstrate that this is not necessarily
optimal.

Since it is NP-hard to find a valid item graph of treewidth
tw > 3 [4], it may be better to find equivalent CAs for which
finding a valid item graph of treewidth tw is easy. This
brings to question the practicality of studying item graphs
of bounded treewidth. The new construction technique that
we introduce opens another avenue of investigation for deter-
mining the practicality of item graphs of bounded treewidth.
We initiate the study of combinatorial auction modification.
For future work, it may be interesting to consider alternative
constructions.

It would also be interesting to investigate relationships
between bid graphs and item graphs of treewidth greater
than one. Our new notion of CA equivalence and the re-
sulting construction technique may be useful in this inves-
tigation. Further, Gottlob and Greco recently introduced a
new method for qualifying hypergraphs of CAs, which they
refer to as hypertrees of bounded hypertree width [4]. ITtem
graphs of bounded treewidth are a special case of hyper-
trees of bounded hypertree width, and as such it would be
interesting to see the parallels, if any, between their relation-
ships with bid graphs. Despite the fact that item graphs of
bounded treewidth are a special case of this new model, we
can construct a hypertree of bounded hypertree width for a
given CA, should one exist, in time that is polynomial in the
size of the auction [4]. Does our new construction method
account for why an item graph of bounded treewidth was
previously NP-hard to construct, for treewidth larger than
two, while a hypertree of bounded hypertree width is poly-
nomial to construct for any fixed hypertree width?
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